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Abstract. In this paper we study the following problem. For any e > 0, take u e a solution of, 

Lu e := div ( g jy^ Vi/) = P e {u e ), u > 0. 

A solution to (P e ) is a function u e £ W 1,G (fi) n such that 

/ g{\Vu e \)^^V V dx = - f <f0e(u s )dx 
Jn |Vu e | J n 

for every ip € Cq°(Q). 

Here /3 e (s) = i/3 (§) , with j3 £ Lip(R), (3 > in (0, 1) and /3 = otherwise. 

We are interested in the limiting problem, when e — > 0. As in previous work with L = A or 
L = A p we prove, under appropriate assumptions, that any limiting function is a weak solution 
to a free boundary problem. Moreover, for nondegenerate limits we prove that the reduced free 
boundary is a C 1 '" surface. This result is new even for A p . 

Throughout the paper we assume that g satisfies the conditions introduced by G. Lieberman 
in [E]. 

1. Introduction 

In this paper we study, the following singular perturbation problem: For any e > 0, take u £ 
a nonnegative solution of, 

(P e ) Ln £ = p £ (u £ ), u £ > 0, 

where hv := div f ^-rj r^ V^l . 

v |v«| / 

A solution to (P e ) is a function u e G W l ' G {$X) n (see the notation for the definition of 

W l > G (n)) such that 

(1.1) / g(\V U £ \)^Lv^dx = - [ vPe(u e )dx 



for every ip € C^(Q). 

Here /3 6 (a) = \/3 (f ) , for /3 G Lip(R), positive in (0,1) and zero otherwise. We call M 

Jo 1 



ifej; words and phrases, free boundaries, Orlicz spaces, singular perturbation. 
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We are interested in studying the uniform properties of solutions and understanding what 
happens in the limit as e — > 0. We assume throughout the paper that the family {u £ } is 
uniformly bounded in L°° norm. Our aim is to prove that, for every sequence e n — > there 
exists a subsequence e nk and a function u = lim u £n k , and that u is a weak solution of the free 
boundary problem 

, x \hu :=div( ^^P- Vu) =0 in{«>0}nO 

(1.2) < V |Vu| / 1 1 

[\Vu\ = X* on9{u>0}nO. 
for some constant A* depending on g and M. 

This problem appears in combustion theory in the case L = A when studying deflagration 
flames. Back in 1938, Zeldovich and Frank-Kamenetski proposed the passage to the limit in this 
singular perturbation problem in [22] (the limit for the activation energy going to infinity in this 
flame propagation model) . The passage to the limit was not studied in a mathematically rigorous 
way until 1990 when Berestycki, Caffarelli and Nirenberg studied the case of N dimensional 
traveling waves (see [3]). Later, in [TU], the general evolution problem in the one phase case 
was considered. Much research has been done on this matter ever since. (See, for instance, 

18 USED). 

(|1.2p is a very well known free boundary problem in the uniformly elliptic case (0 < c < 
g(t)/t < C < oo). This problem has also been studied in the two phase case. Regularity results 
for the free boundary in the case of the laplacian can be found in [1] for one phase distributional 
solutions and in [U [5] for two phase viscosity solutions. See also [2] for one phase distributional 
solutions in the nonlinear uniformly elliptic case. The results in [TJ HJ [5] were used in [15] to 
obtain free boundary regularity results for limit solutions (this is, for u = lim ii £fc ). See also 
[6j [16] for results in the inhomogeneous case and [HJ [13] for viscosity solutions in the variable 
coefficient case. 

Recently, this singular perturbation problem in the case of the p-laplacian (g(t) = i p_1 ) was 
considered in [T2J. As in the uniformly elliptic case, the authors find, for a uniformly bounded 
family of solutions u e , Lipschitz estimates uniform in e and prove that the limit of u £ is a 
solution of CLU) for L = A p and A* = (^M) /P in a pointwise sense at points in the reduced 
free boundary. 

The aim of our present work is to study this singular perturbation problem -including the 
regularity of the free boundary- for operators that can be elliptic degenerate or singular, possibly 
non homogeneous (the p-laplacian is homogeneous and this fact simplifies some of the proofs). 
Moreover, we admit functions g in the operator L with a different behavior at and at infinity. 
Classically, the assumptions on the behavior of g at and at infinity were similar to the case 
of the p-laplacian. Here, instead, we adopt the conditions introduced by G. Lieberman in [IS] 
for the study of the regularity of weak solutions of the elliptic equation (possibly degenerate or 
singular) hu = f with / bounded. 

This condition ensures that the equation hu = is equivalent to a uniformly elliptic equation 
in nondivergence form with constants of ellipticity independent of the solution u in sets where 
Vu 0. Furthermore, this condition does not imply any type of homogeneity on the function 
g and, moreover it allows for a different behavior of g(|Vii|) when |Vu| is near zero or infinity. 
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Precisely, we assume that g satisfies 



for certain constants < 5 < go. 

Let us observe that 5 = go = p — 1 when g(t) = t p , and reciprocally, if S = go then g is a 
power. 

Another example of a function g that satisfies f|1.3|) is the function g(t) = i a log (bt + c) with 
a,b,c > 0. In this case, (|1 .3j) is satisfied with 5 = a and go = a + 1. 

Another interesting case is the one of functions g £ C 1 ([0,oo)) with g(t) = c\t ai for t < s, 
g(t) = C2t a2 +d for t > s. In this case g satisfies (II .3D with 5 = min(ai, 02) and go = max(ai, 02). 

Furthermore, any linear combination with positive coefficients of functions satisfying (II. 3|) 
also satisfies (|1.3j) . On the other hand, if g\ and 52 satisfy (|1.3|) with constants 5 l and g , 
i = 1,2, the function g = 5152 satisfies fll .3 j) with 5 = (5 1 + <5 2 and 50 = 5o + 5o' an( ^ ^he function 
= <7i(^2(i)) satisfies (jl.3p with 5 = 5 1 5 2 and go = 5o#o- 

This observation shows that there is a wide range of functions g under the hypothesis of this 
work. 

In this paper we show in this paper that the limit functions are solutions of (|1.2j) in the weak 
sense introduced in [20] where we proved that the reduced boundary of these weak solutions is 
a C ' a surface. This notion of weak solution turns out to be very well suited for limit functions 
of this singular perturbation problem. 

We state here the definition of weak solution and the main results in this paper. 
Definition 1.1 (Weak solution II in [20j). We call u a weak solution of (|1.2j) if 

(1) u is continuous and non-negative in £1 and jCu = in n {u > 0}. 

(2) For D CC SI there are constants < c m i n < C max , 7 > 1, such that for balls B r {x) C D 
with x £ d{u > 0} 



(3) ForTl N 1 a.e xq € d re d{u > 0}, u has the asymptotic development 

u(x) = \*(x - xq, z/(x ))~ + o(\x - x \) 

where v(xo) is the unit interior normal to d{u > 0} at xq in the measure theoretic sense. 

(4) For every xq S ^ H d{u > 0}, 

limsup |Vu(x)| < A*. 



(1.3) 



< 5 < 



tg'(t) 



<g Vt>0 



g(t) 




u(x)>0 

If there is a ball B C {u = 0} touching Q D d{u > 0} at xq then, 
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Our first result is a bound of ||Vu £ ||loo independent of e. 



Theorem 1.1. Let u e be a solution of 



Lu e = f5 £ {u £ ) 



in VL 



with ||u £ ||loo(q) < L. Then, for J7' 



CC SI we have 



\Vu £ {x)\<C inn' 
withC = C(N,5,g ,L,\\f3\\ oo ,g(l),dist(n',dn)) ! if e < e (Q,n'). 



Then we have, via a subsequence, that there exists a limiting function u. 

The next step is to prove that the function u is a weak solution in the sense of Definition 11.11 
of the free boundary problem (|1.2|) for a constant A* depending on g and M. To this end, we 
have to prove that Lu = in {u > 0} and that we have an asymptotic development for u at any 
point on the reduced free boundary. 

Here we find several technical difficulties associated to the loss of homogeneity of the operator 
L and to the fact that we are working in an Orlicz space. This is the case, for instance when we 
need to prove the pointwise convergence of the gradients. 

At some point we need to add the following hypothesis on g: 

There exists t]q > such that, 



where $(A) = \g(X) - G(X). 

We remark that condition ()1.4[) holds for all the examples of functions satisfying condition 
(|1.3p described above (see Section 4). 

There holds, 

Theorem 1.2. Suppose that g satisfies (|1.3|) and (|1.4|) . Let u £j be a solution to (P ej ) in a> domain 
C 1^ such that u e J — > u uniformly on compact subsets o/O and Sj — > 0. Let xq G Qnd{u > 0} 
be such that d{u > 0} has an inward unit normal v in the measure theoretic sense at xq, and 
suppose that u is non- degenerate at xq (see Definition \5.1\) . Under these assumptions, we have 



where 3>(A) = \g(\)-G{\). 

Finally, we can apply the theory developed in [20]. We have that u is a weak solution in the 
sense of Definition 11.11 of the free boundary problem. 

Then, we have the following, 

Theorem 1.3. Suppose that g satisfies (jl.3p and (|1.4p , Letu 6j be a solution of{P £j ) in a domain 
C l w such that u e i — ► u uniformly in compact subsets of il as £j — > 0. Let xq € QPid{u > 0} 
such that there is a unit inward normal v to 0,0 d{u > 0} in the measure theoretic sense at xq. 
Suppose that u is uniformly non- degenerate at the free boundary in a neighborhood of xq (see 
Definition \5.1\) . Then, there exists r > such that B t {xq) D d{u > 0} is a C > a surface. 



(1.4) 




U (x) = $ 1 (M)(x - Xq, V) 



+ 



+ o(\x - x \) 
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Finally, we give two examples in which we can apply the regularity results in this paper. In 
both examples the nondegeneracy property is satisfied by the limiting function u. In the first 
example the limiting function is obtained by taking a sequence of minimal solutions of (P e ) (see 
Definition 17. ip . In the second one, by taking a sequence of minimizers of the functional 



Jn 

where B' £ (s) = (3 £ {s) (see Section 7). 

Moreover, in the second example we have that 7i N ~ l (d{u > 0} \ d re d{u > 0}) = 0. Thus, in 
this case the set of singular points has zero Ti 1 ^ -1 — measure. 

We also have -since the limiting function is a minimizer of the problem considered in |20j- 
that in the case of minimizers we don't need to add any new hypothesis to the function g. This 
is, the result holds for functions g satisfying only condition (jl.3p . And, in dimension 2 if we add 
to condition (|1.3f) that, 

(1.5) There exist constants to > and k > so that g(t) < kt for t < to- 

then, we have that the whole free boundary is a regular surface (see Corollary 2.2 in [1.9J ) . 

Outline of the paper. The paper is organized as follows: In Section 3 we prove the uniform 
Lipschitz continuity of solutions of ( |P £ [ ) (Corollary 13. ip . 

In Section 4 we prove that if u is a limiting function, then ~Lu is a Radon measure supported 
on the free boundary (Theorem 14. ip . Then we prove Proposition 14.21 that says that if u is a 
half plane, then the slope is or $ _1 (M), and Proposition 14.31 that says that if u is a sum of 
two half planes, then the slopes must be equal and at most $ _1 (M). 

In Section 5 we prove the asymptotic development of u at points in the reduced free boundary 
(Theorem 15. ip and we prove that u is a weak solution according to Definition 11.11 

In section 6 we apply the results of [20] to prove the regularity of the free boundary (Theorem 



In Section 7 we give two examples where the limiting function satisfies the nondegeneracy 
property. The first one is given by the limit of minimal solutions (Theorem IT.2I) and the second 
one is given by the limit of energy minimizers (Theorem I7.4p . 

In the Appendices we state some properties of the function g and we prove the asymptotic 
development of L-subsolutions. 




EH). 



2. Notation 



Throughout the paper N will denote the dimension and, 



B r (x) = {xe R N , \x - s | < r}, 
B+(x) = {x 6 M. N , xn > 0, \x - x \ < 
B~(x) = {x e R N , x N < 0, \x - x \ < 




For v,w 6 M. N , (v,w) denotes the standard scalar product. 
For a scalar function /, / + = max(/, 0) and /~ = max(— /, 0). 
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Furthermore, we denote 

G(t)= [ g(s)ds, 
Jo 

F(t) = g(t)/t, 

*(t) = g{t)t-G(t), 

A(p) = F(\p\)p for p G R N , 



d Pj 



for 1 < i,j < N. 



We denote by L G (Q) the Orlicz space that is the linear hull of the set of measurable functions 
such that J Q G(\u\) dx < oo with the norm of Luxemburg. This is, 



is 



| LO(n) = inf {A > / J dx < l}. 



The set W 1,G (Vt) is the Sobolev Orlicz space of functions in W Zo ' c (fi) such that both ||«||i,G(m 
and || | V«| H^g(q) are finite equipped, with the norm 

IMIwi.°(fl) = max {ll'"llL (Q)> lll Vu lllLG(n)}- 



3. Uniform bound of the gradient 

We begin by proving that solutions of the perturbation problem are locally uniformly Lips- 
chitz. That is, the u £, s are locally Lipschitz, and the Lipschitz constant is bounded independently 
of e. In order to prove this result, we first need to prove a couple of lemmas. 

Lemma 3.1. Let u £ be a solution of 

Lu 6 = P £ (u £ ) in B ro (x ) 
such that u £ (xq) < 2s. Then, there exists C = C(N,ro,5,go, ||/?|| 00 ,5(1)) such that, if e < 1, 

\Vu £ (x )\ < G 

Proof. Let v(x) = ^u £ (xo + ex). Then if e < 1, hv = 0(v) in B ro and v(0) < 2. By Harnack's in- 
equality (see jTH] ) we have that < v(x) < C\ in B ro / 2 with C\ = Ci(N,go, 5, ||/3||oo)- Therefore, 
by using the derivative estimates of [H] we have that 

|Vu e (:ro)| = |Vu(0)| < C 

with C = C(N, 6, 5o , \\P\\oo,r Q , g(l)). □ 

Lemma 3.2. Let u £ be a solution of 

Lu £ = f3 e (u £ ) in Bi, 

and € d{u £ > e}. Then, for x £ B-^u D {u £ > e}, 

u £ (x) <e + Cdist(x, {u £ <e}n5i), 

with C = C{N, 8, 50 , ||/3|U 3(1))- 
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Proof. For xq € Biu fl {u £ > e} take, niQ = u 6 (xq) — e and 8q = dist(xo, {u £ < e} fl -Bi). Since 
€ <9{u £ > e} n 5i, 5 < 1/4. We want to prove that, m < C(N,5,g , \\P\\oo, s(l))<5o- 

Since, i?5 (a;o) C {ii e > e} fl B\ we have that, u e — e > in Bs (xo) and L(u e — e) = 0. By 
Harnack's inequality there exists c\ = c\(N, go, 5) such that 

min (u £ — e) > c\mQ. 

B S /2(xo) 

Let us take ip = -e~^l with y. = 2K / 55$, where K = 2N if g < 1 and K = 2(g -l)+2N 

if go > 1. Then, we have that L</? > in S,5 \ (see the proof of Lemma 2.9 in [20]). 

Let now ip(x) = c 2 mo(f {x — xq) for x € B$ (xo) \ B$ / 2 (xo). Then, again by Lemma 2.9 in 
[2"U] . we have that, if we choose c 2 conveniently depending on N,5, go, 

r Li/)(x) > in B So (x ) \ B Sq/2 (x ) 
< tp = on dB$ (xo) 

tf; = c 1 rno on dB 5o/2 (x ). 

By the comparison principle (see Lemma 2.8 in [20]) we have, 

(3.1) ip(x) < u E {x) -e in B So {xq) \ \ B So/2 (x ). 
Take yo € <9-B,5 (:ro) fl <9{u e > e}. Then, yo G £?i/2 and 

(3.2) V(yo) = n e (y )-e = 0. 

Let v e = i-u E (yo+ £a; )- Then if e < 1 we have that Lt> £ = /3(t> £ ) in £?i/2 and u £ (0) = 1. Therefore, 
by Harnack's inequality (see [18]) we have that max^^ v £ < c and 

(3.3) |Vn £ (y )| = |Vw e (0)| < Jmax/ < c 3 . 

Finally, by (J3J]), ([32]) and ([331) we have that, |V</>G/o)| < |Vu e (y )| < c 3 . Observe that 
iVV'(yo)! = c 2 moe~^ s o2y5o < C3. Therefore, 

c 2 2y5 c 2 AK 

and the result follows. 

□ 

Now, we can prove the main result of this section, 

Proposition 3.1. Let u £ be a solution of Lu £ = (3 £ (u £ ) in B\. Assume that £ d{u £ > e}. 
Then, we have for x 6 B\i%, 

\Vu £ (x)\ < C 

withC = C(N,5,go,\\(3\\oo,g(l)). 

Proof. By Lemma |3. II we know that if xq £ {u £ < 2e} D B3/4 then, 

\Vu £ (x )\<Co 

with Co = Co(N,5,go,\\f3\\oo,g(l)). 

Let xq € B 1 / s n {u £ > e} and 5o = dist(xo, {u £ < e}). 
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As € d{u £ > e} we have that Sq < 1/8. Therefore, B$ (xo) C {u £ > e} n JB1/4 and then 
Lu £ = in i?,5 (xo) and, by Lemma [321 

(3.4) u £ (x) <e + Cidist(x, {u £ < e}) in B 5o (x ). 

(1) Suppose that e < c5q with c to be determined. Let v(x) = -^u £ (xo + 5qx). Then, 
Cv = 5oPe(u £ ( x o + ^0^)) = in B\. Therefore, by the results of [T8] 

|V«(0)| < Csupv, 
with C = C(N,g ,8,g(l)). We obtain, 



\Vu £ {x )\<^- sup u £ <^(e + C5 ) <C(c + C). 

00 B Sq (x ) °0 



(2) Suppose that e > c5q. By (|3.4j) we have, 



u £ (x ) <e + d5 < ( 1 + ^ < 2e, 



c 



if we choose c big enough. By Lemma 13.14 we have |Vu e (:ro)| < C, with 
C = C(N,go,S,\\(3\\ 00 ,g(l)). 

The result follows. □ 

With these lemmas we obtain the following, 
Corollary 3.1. Let u £ be a solution of 

Lu e = (3 £ (u £ ) in fi, 

with ||^ £ |[l°o(q) < L. Then, we have for £l' CC £1, that there exists £o(Q,Q') such that if 

e<e (n,n'), 

\Vu £ (x)\<C inQ' 
with C = C(N, 5, g , L, g(l), dist(W, dti)). 



Proof. Let r > such that Vx 6 ft', B T {x) C £1 and e < r. Let xq £ 0,'. 

(1) If 5o = dist(a;o, d{u 6 > e}) < r/8, let vq € 9{n e > e} such that \xq — yo\ = So- 
Let v(x) = \u £ (yo + tx), and x = 2°^°, then \x\ < 1/8. As € d{v > e/r} and 
Cv = @ e / T (v) in Bi, we have by Proposition 13.11 

|Vu £ (x )| = \Vv(x)\ < C. 

(2) If do = distOo, d{u 6 > e}) > r/8, there holds that 

(a) B t/8 (x ) C {u e > e}, or 

(b) B T/S (x ) C K < e}, 

In the first case, Cu £ = in B t /%{xq). Therefore, 

\Vu £ (x )\ <C(N, g , 5, r, g(l), L). 
In the second case, we can apply Lemma 13.11 and we have, 
\Vu £ (x )\ < C(N,go,6,T,g{±),nP\\oo)- 

The result is proved. 

□ 
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4. Passage to the limit 

Since we have that |Vn e | is locally bounded by a constant independent of e, we have that 
there exists a function u E Lipi oc (Q) such that, for a subsequence ej — > 0, u £j — > n. In this 
section we will prove some properties of the function u. 

We start with some technical results. 

Proposition 4.1. Let {u 6 } be a uniformly bounded family of nonnegative solutions of flP ; | ). 
Then, for any sequence Ej — > there exists a subsequence e'j — > and u £ Lip loc (ft) such that, 

(1) n £ J — ► n uniformly in compact subsets ofQ, 

(2) k = 0mOn{M>0} 

(3) There exists a locally finite measure \i such that f3 £ i{u £ ^) — u as measures in W, for 
every £1' CC 

(4) Assume g >l. Then, Vu e 'i -> Vn in Lf o c +1 (ft), 
(5) 

/ F(|Vn|)VnV^ = - / (pdfi 
Jn Jn 

for every ip £ Cg°(fi). Moreover f/, is supported onVt<T\ d{u > 0}. 

Remark 4.1. We can always assume that go > 1. If we don't want to assume it, we can change 
the statement in item (3) by V« e j — > Vn in L?^ (CI), where g\ = max (1, go)- 

Proof. (1) follows by Corollary 13.11 

In order to prove (2), take E CC E' CC {u > 0}. Then, u > c > in Therefore, 
n e J > c/2 in E 1 ' for e'- small. If we take e'- < c/2 -as £n e J = in {u £ j > g^}- we have that 
Lu e i = in E' . Therefore, by the results in [TS], \\u £ i \\ci,<*(e) — C- 

Thus, for a subsequence we have, 

Vn j —s- Vn uniformly in E. 

Therefore, Cu = 0. 

In order to prove (3), let us take $7' CC 0, and ip € Cg°(r2) with ip = 1 in f2' as a test function 
in (P £j ). Since ||Vn e j || < C in $7', there holds that 

C{ip)> [ P £/ .(u £ i)ipdx> [ P £ ,Xu £l 3)dx. 
Jn 3 Jn 1 3 

Therefore, f3 £ '.(u 6j ) is bounded in Lj oc (£l), so that, there exists a locally finite measure fx such 
that 

Pe'- W^ 3 ) ~~ u as measures 

that is, for every ip £ Cq(Q), 

/ (3 £ i {u £ ])ipdx^ j (pdf.i 
Jn 3 Jn 

We divide the proof of (4) into several steps. 
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Let Q' CC 0,, then by Corollary 13.11 |Vu £j '| < C in W. Therefore for a subsequence e'j we 
have that there exists £ G (L°°(fl')) N such that, 

Vu e i ^Vu * - weakly in (L°°(n')) N 

(4.1) A(Vu £ 'i) -± £ * - weakly in (L°°(n')) N 

u i — > u uniformly in Q, 

where A(p) = F(\p\)p. For simplicity we call e'j = e. 

Step 1. Let us first prove that for any v G Wq' (CI 1 ) there holds that 

(4.2) f (£-A(Vu))Vvdx = 0. 

Jw 

In fact, as A is monotone (i.e (A(rj) — ^4(0) • (v ~ C) > V77, C G M. N ) we have that, for any 
w G W 1 ' ^'), 

(4.3) / = / (4(Vu e ) - A(V«!)) (Vu e - Vw) > 0. 

Jw 

Therefore, if tp G Cg^ft'), 



(4.4) 



P £ {u e )u £ dx- A(Vu £ )Vwdx- A(Vw)(Vu £ - Vw) dx 
w Jw Jw 

= - [ p e (u £ )u £ dx- [ A{Vu £ )Vu £ dx + I 
Jw Jw 

= - [ P e (u £ )udx- [ P e (u £ )(u £ -U)^dx - [ P e (u £ )(u £ - u)(l - ^) dx 

Jw Jw Jw 

- I A{Vu £ )Vu £ dx + I 
Jw 

>-/ (3 e (u £ )udx+ / A(Vu £ )V(u £ - u)ipdx + A(Vu £ )(u £ - u)Vip dx 
Jw Jw Jw 

Ps(u £ )(u £ - u)(l - if)) dx - [ A(Vu £ )Vu £ dx, 



where in the last inequality we are using (|4.3|) and (|1.1|) , 

Now, take ip = ipj — > \w- If ^' is smooth we may assume that J \Vipj\dx — > Per W. 
Therefore, 



A(Vu £ )(u £ — u)\7ipj dx < C\\u £ — tt||i<x>(QQ I |V^j| da; < C\\u £ — u\\ioo^y 
So that, with this choice of tj; = ipj in (|4.4j) we obtain, 
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-/ (3 e (u £ )u £ dx- [ A(Vu £ )Vwdx- [ A(Vw)(Wu £ - Vw) dx 
Jw Jw Jw 

>-/ (3 £ (u £ )udx + A(\7u e )\7(u £ -u)dx-C\\u e -u\\ Lxi{ni) - A(Vu £ )Vu £ dx 
Jw Jw Jw 

= — (3 e {u £ )udx— \ A(Vu £ )Vudx — C\\u £ — uWloo^y 
Jw Jw 

Therefore, letting e — ► we get by using (|4.ip and (3) that, 

— / udfi— £\7wdx— / A(yw)(\7u — Vu>) dx > — / udfi— £S/udx 
Jw Jw Jw Jw Jw 

and then, 

(4.5) / (£-A(Vw))(Vu-Vw)dx>0. 

Jw 

Take now w = u — Xv with v € Wq' (&,')■ Dividing by A and taking A — > + in (14.51) we obtain, 

/ (f - A(\7u))\7vdx > 0. 
Jw 

Replacing v by -u we obtain ([4.2|) . 

Step 2. Let us prove that j n , A(Vu £ )S/u £ — > J^, A(Vu)Vu. 

By passing to the limit in the equation 



(4.6) 0= / A(Vu £ )V(i>+ / p e (u £ )^)dx, 

Jw Jw 

we have, by Step 1, that for every <f> £ Cq°(Q'), 

(4.7) 0= I A(Vu)V(f>+ [ 4>dfi. 

Jw Jw 

On the other hand, taking <j) = u £ ip in (14. 6p with ip £ Cfi°(£l') we have that 

0= / A(Vu £ )Vu £ ipdx+ / A{Vu £ )u £ V^dx+ / (3 £ (u £ )u £ ip dx. 
Jw Jw Jw 

Using that, 

/ A(Vu £ )u £ Vip dx -> / A(Vu)u\7ifj dx 
Jw Jw 

/ f3 £ (u £ )u £ dx — > / utpdfi 
Jw Jw 

we obtain 

= limf / ,4(Vu £ )Vu £ Vdx) + / A(Vu)uVi^dx + / 
v Jw ' Jw Jw 

Taking now, <j) = uip in (|4.7)) we have, 

0= / A(Vu)Vn^dx+ / A(Vu)uVt/; dx + / u^d/i. 
Jn' in' isr 
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Therefore, 
Then, 
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lim / A(Vu £ )Vu £ ip dx = / A(Vu)Vmpdx. 
iff iff 



< 



< 



(A(Vu £ )Vu £ - A{Vu)Vu) dx 
(A(Vu £ )Vu £ - A(Vu)Vu)ipdx 

A(Vu)Vu(l - tf))dx 
(A(Vu £ )Vu £ - A(Vu)\7u)^dx 



+ 



{A(Vu £ )Vu £ )(l-^)dx 



+ C / |l-^|dx. 



So that, taking e — > and then ip — > 1 a.e with < ip < 1 we obtain, 



(4.8) 



/ ^(Vn £ )Vn £ (ix -> / ^(Vn)Vudx. 
iff in' 



With similar ideas we can prove that, 



(4.9) 

Step 3. Let us prove that 
(4.10) 



/ A(Vu £ )Vudx -> / A(Vu)Vucte. 
in' in' 



G(|Vu e |)dx-» / G(|V«|)ds. 
' in' 

First, by the monotonicity of A we have, 

f G{\Vu £ \)dx- [ G(\Vu\)dx= [ [ A(Vu + t{Vu £ - Vu))V(u £ - u) dx 
in' in' in' Jo 

> / A{Vu)V{u £ -u)dx. 
in' 



Therefore, we have 



liminf / G{\Vu £ \)dx- [ G{\ Vu|) dx > 0. 
in' iff 



Now, by Step 2 we have, 



G(\Vu £ \)dx- [ G(\Vu\)dx= [ [ A(Wu + t(Vu £ -Vu))V(u £ -u)dx 
' in' in' Jo 

< / yl(Vn e )V(ti £ - u) dx -* 0. 
in' 



Thus, we have that (|4.10p holds. 
Step 4. End of the proof of (4). 



(4.11 
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Let u s = su + (1 — s)u £ . Then, 

f G(\Vu\)dx- [ G(\Vu £ \)dx = f [ A(Vu s )V{u-u £ )dsdx 
Jw Jw Jw Jo 

= [ [ (A(Vu s )-A(Vu £ ))V( y u s -u £ ) — dx + [ A(Vu £ )V{u-u £ )dx. 
Jw Jo s Jw 

As in the proof of Theorem 4.1 in [20], we have that 

f [ (A(Vu s ) - A(Vu £ ))V(u s -u £ )dsdx 
Jo, 1 Jo 

> C (J G(\Vu-Vu £ \)dx + J F(\Vu\)\Vu-Vu £ \ 2 d x y 

where 

A x = {x € O' : |Vu - Vu £ \ < 2|Vit|}, A 2 = {x £ Q' : jVn - Vu e | > 2jVn|}. 

Therefore, by flUD, IfOjl . (14~TUJ) and (l4~TTT) we have, 

( J G(|Vu - Vu £ |) dx + J F(|V«|)|Vu - Vu £ \ 2 dx) -» 0. 

Then, if we prove that 

f / G(|Vu- Vu £ \)dx+ [ F(\Vu\)\Vu-Vu £ \ 2 dx) >C f \Vu - Vu £ \ 90+1 dx 
Wa 2 Ja 1 ' Jw 

the result follows. 

In fact, for every Co > there exists C\ > such that g(t) > Cit go if t < Co- Let Co be such 
that |Vw| < Co and [Vit — Vn e | < Co- Then, by Lemma [A. H 

G(|Vu e - V«|) > C\Vu £ - Vu\ 90+1 

F(\Vu\) > CilVn) 30 " 1 > C\Vu £ - Vu\ 90 ~ l in A v 

and the claim follows. 

Finally (5) holds by (4), (3) and (2). □ 

Lemma 4.1. Let {u £j } be a uniformly bounded family of solutions of (P e .) in f2 such that 
u £j — ► u uniformly on compact subsets of£l and Ej — > 0. Let xq, x n € £lPid{u > 0} be such that 
x n — > xq as n — > oo. Lef A n — > 0, n An (x) = j^u(x n + A n x) and (u £ i) x „(x) = ^u £ j(x n + A ra x). 
Suppose that u\ n — > U as n — > co uniformly on compact sets ofM. N . Then, there exists j(n) — > oo 
snc/i £/iat /or every j n > j(n) there holds that £j n /X n — > and 

(1) (n £j ™) An — ► U uniformly in compact subsets of~R N . 

(2) V(n^) An - VC/ m L 9 °+\R N ), 

(3) Vn An -VC/ znLf^ 1 ^). 

Proof. The proof follows from Proposition 14.11 as the proof of Lemma 3.2 follows from Lemma 
3.1 in 0. □ 

Now we prove a technical lemma that is the basis of our main results. 
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Lemma 4.2. Let u e be solutions to 

Lu £ = (3 £ (u £ ) 
in fi. Then, for any ip G C{f(£l) we have, 

(4.12) - f G(\Vu £ \)if} Xl dx+ [ F(\Vu e \)Vu £ Vi)ul 1 dx= [ B e (u e )ifj Xl , 

Jn Jn Jn 

where B e (s) = f° (3 £ (t) dr. 

Proof. For simplicity, since e will be fixed throughout the proof, we will denote u £ = u. 
We know that |Vtt| < C, for some constant C. Take g n (t) = g(t) + |k then 

(4.13) min{l,5} < ^ < max{l,<? }. 

Take A n (p) = 9n ^f^ p, and C n (v) = div(^4 n (Vv)). For W CC £1 let us take u n the solution of 



(4.14) 



\p\ 

J C n u n = (3 e (u) in W 



u r , = u on 



By ()4.13p .we have that all the g' n s belong to the same class and then, by the results of 
T8] we have that for every Q," CC O' there exists a constant C independent of n such that 

Therefore, there exists ito such that, for a subsequence 

w n — ► uniformly on compact subsets of O' 
Vii n — > Vtio uniformly on compact subsets of fi'. 



On the other hand, A n (p) — > ^4(p) uniformly in compact sets of R . Thus, Cuq = (3 e {u) and, 
as uq = u on dft f in the sense of W 1,G (Q f ) and £ii = /3 e (u), there holds that iio = u in f2'. 
(Observe that in the proof of the Comparison Principle, in Lemma 2.8 of |20j we can change the 
equation Lu = 0, by Lu = f(x) with / G L°°(f2) to prove uniqueness of solution of the Dirichlet 
problem) . 

Now let us prove that the following equality holds, 

- / G n (\Vu n \)ip xl dx + / F n (\Vu n \)Vu n Vipu nxi dx = - / e (u)u nxi ij) . 
Jn Jn Jn 

In fact, for n fixed we have that F n (t) = g n (t)/t > 1/n and then by the uniform estimates 
of [H], u n G VF 2,2 (0). As u n is a weak solution of (|4.14|) and as ii n G TV 2,2 ($7), taking as test 
function in the weak formulation of (|4.14p the function ipu nxi , we have that 



F n (\Vu n \)Vu n V(ipu nxi )dx = - / (3 £ (u)u nxi ipdx. 
; Jn 

As (G n (\Vu n \)) Xl = 5'n(|Vn n |)^^|(Vn ri ) :El = F(\ Vu n \)Vu n (Vu n ) Xl we have that 
G n (\Vu n \)i> Xl dx + / F n {\Vu n \)Vu n Vi>u nxi dx = - / (3 e (u)u nxi ip dx, 



SINGULAR PERTURBATION FOR A DEGENERATE OR SINGULAR QUASILINEAR OPERATOR 15 

Passing to the limit as n — ► oo and then, integrating by parts on the right hand side we get, 

- / G(\Vu\)i) xl dx + / F(\Vu\)VuVi>u xl dx = / B £ (u)^ Xl dx. 
Jn Jn Jn 

□ 

Now, we characterize some special global limits. 
Proposition 4.2. Let xo G H and let u £k be solutions to 

Lu £k = (i £k {u £k ) 

in Q. If u Sk converge to a{x — Xo)i~ uniformly in compact subsets of Q., with — > as k — > oo 
and a£l, there holds that 

a = or a = $~ 1 (M). 

Where $(t) = g{t)t-G{t). 

Proof. Assume, for simplicity, that xq = 0. Since u £k > 0, we have that a > 0. If a = there is 
nothing to prove. So let us assume that a > 0. Let tp G Cq°(£1). By Lemma 14.21 we have, 

(4.15) - f G(\Vu £k \)^ Xl dx + [ F{\Vu ek \)Vu £k V^u e x k 1 dx= [ B £k (u £k )^ Xl . 

Jn Jn Jn 

Since < B £k (s) < M, there exists M(x) G L°°(Q), < M(x) < M, such that B £k -> M *- 
weakly in 

If y G fl {xi > 0}, then ii £fc > ^Jp- in a neighborhood of y for fe large. Thus, u £k > and 
we have 

B £k {u £k ){x)= ! " [3{s)ds = M. 



On the other hand, if we let K CC £1 n {x\ < 0}, since by Proposition 14.11 s .(u £k ) — > in 
^(K), we have that f K \V B £k (u £k )\ dx = j K (3 £k {u £k )\Vu £k \ dx -> 0. Therefore, we may assume 
that -> M in L[ oc ({xi < 0}) for a constant M G [0, M]. 

Passing to the limit in (I4.15|) . using the strong convergence result in Proposition 14. II we have 
G(a)ip xi dx+ F{a) a 2 ip Xl dx = Ml ip xi +M ip xi . 

{Xi>0} J{X!>0} J{X1>0} J{X!<0} 

Then, 

(— G(a) + g{a)a) \ ip Xl dx = M I ip Xl dx + M \ if) Xl dx. 

J{x 1 >0} J{xi>0} J{x!<0} 

And, integrating by parts, we obtain 

(-G(a) + g(a)a) [ i\>dx' = M\ ipdx' -M [ ipdx'. 

J{x 1= 0} J{ Xl =0} J{ Xl =0} 

Thus, (-G(a) + g(a)a) = M -M. 

In order to see that a = $ _1 (M) let us show that M = 0. 

In fact, let K CC {x\ < 0} H f2. Then for any r] > there exists < 5 < 1 such that, 
\K n{n< B £j {u £ i) < M - rj}\ <\Kn{5 < u £ = jsj < 1 - 6}\ < \K n {P £j (u £ >) > a/ej}\ -» 
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as j — > oo, where a = inf rj /3 > 0, and we are using that f3 £j (u £ j) is bounded in ^(K) 
uniformly in j. 

Now, as B(u £ i) ^ M in ^(K), we conclude that 

\K n {77 < M < M - r)}\ =0 

for every r/ > 0. Hence, Af = or M = M and, since a > 0, we must have M = 0. □ 

Proposition 4.3. Lei xo € and Zei u £fe be a solution to Cu £k = j3 £k {u Sk ) in £1. Assume g' 
satisfies (|4.19|) below. If u Sk converges to a(x — xo)f + 7(x — xq)^ uniformly in compact subsets 
of f2, with a, 7 > and — ► as k ^ 00, i/ien 

a = 7 < $ -1 (M). 

Proof. We can assume that xo = 0. 

As in the proof of Proposition 14.21 we see that B £k {u Sk ) — > M uniformly on compact sets of 
{x\ > 0} and {x\ < 0}. Since u £k satisfies (I4.12p we get, after passing to the limit, for any 



$(a)i> xl dx - / $(i)\l) Xl dx= I Mi/j xi . 
{xi>o} J{xi<o} Jn 



Integrating by parts we obtain, 



/ $(a)ijjdx'- $(7)V>aV = 

J{xi=Q} J{x!=0} 



and then, = 7. 



Now assume that a > $ _1 (M). We will prove that this is a contradiction. 

Step 1. Let 7I2 = {x = (x\,x') € M> N : \x±\ < 2, \x'\ < 2}. From the scaling invariance of the 
problem, we can assume that 7^2 C 

We will construct a family {v £j } of solutions of (P e - ) in IZ2 satisfying v £j (x\ , x') = v £j {—x\ , x') 
in IZ2, and such that v £j — ► u uniformly on compact subsets of TI2, where u(x) = a\x\\. 

To this end, we take b e . = sup-^ 2 \u £j — u\ and v £j the minimal solution (the minimum of all 
supersolutions) to (-P £j ) in 7^-2 with boundary values v £j = u — b £j on d!Z2- 

By Proposition I4. H there exists v G Lipi oc (lZ2) such that, for a subsequence that we still 
denote v £j , v £j — > v uniformly on compact subsets of 7Z2 ■ From the minimality of v £j we have 
that u > v. 

In order to prove that u < v, we considered two cases. 

First suppose that a > $ -1 (f-Af). Let w € C^R), be the solution to 

(Fflu/lWV = ^(3(w) inR, w(0) = l, w/(0) = a. 


Observe that, when «/(s) > 0, the equation is locally uniformly elliptic so that, as long as 
w' > 0, there holds that w € C 2 and a solution to 

(o(u/))' = ^/?H. 
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Suppose that there exists an s € R such that w'(s) = 0. Take si as the supremum of the s's 
such that this happens. Then, s\ < and, in (si,0], w' > and F(\w'\)w' = g(w'). Multiplying 
the equation by w' and integrating in this interval we get, 

r0 9o 

g(w')w" + g(w')w' = —B(w) 

si si 



Since g(w')w" = (G(w'))' we get, 
which is a contradiction. 



$(«) = |M-fB(«;(ai)) < 



Then, w' > everywhere. By the same calculation as before, we obtain that for any s £l 
we have, 

$(w'(s)) = $(a) + ^B(w(s)) - ^-M < $(a), 

and 

(4.16) $(ti/(s)) = *(a) + ?S(w(s)) - > $(a) - = $(a), 

do o 

for some a > a > 0. Thus, a < w'(s) < a. 

Therefore, w'(s) = a for s > and there exists s < such that = 0. This implies, by 
(|4.16p . that w'(s) = a, and then w'(s) = a for all s < s. Therefore, 

, . I 1 + as s > 
I a{s — s) s < s. 

Let w e j{x\) = Ejw(— - + s] then, 

\ 3 a£ 3 J 

W £j (0) = EjW ( - ^P- + s] = EjCt (s - ^P- —l\= ~b e . 

V aEj J \ aEj J 3 

and w £: >'(s) < a. Therefore, w £i < u — b ej in R so that, w £j < v £j on dTZ.2- 

Then, by the comparison principle below (Lemma I4.3p . we have that w £j < v £j in TZ 2 - 

Take x\ > 0. Then, for j large x\ — -g*- > ^. Thus, ^-(ar - + s > ^- + s > for j large. 

Therefore, w e i(x) = £j + axi — °6 e . + ae^-s. Hence, w £j — > u uniformly on compact set of 
{ Xl > 0}. 

Passing to the limit, we get that u < v in 1Z 2 H {x± > 0}. Observe that, by the uniqueness 
of the minimal solution, we have that v £j (xi,x') = v £ i(— xi,x'). Thus, we obtain that u < v in 

This completes the first case. 

Now, suppose that a < $ _1 (^M). Let w € C^R), satisfying 

(F(|u/|)u/)' = £(«;) inR, w(0) = 1, w'(0) = a. 

Again, when w'(s) > the equation is locally uniformly elliptic and then w 6 C 2 . 

Proceeding as in the first case we see that a < w'(s) < a in R where, in the present case, 
$(a) = $(a) - M. 
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In this way we see that there exists s < such that 

w(s) - 



1 + as s > 
a(s — s) s < s. 



Let w £ i(xi) = Ejw(f- — + s), then 



/&e fee 
' (0) = £,«;( - -zr 2 - + s) = Ejals - - s) = -b £ 



and w £j '(s) < a. Therefore, w £j < u — b Ej in K, so that, u? £j < v £j on 97^-2 and since w £j! < a < 
<3? -1 (^M) we have, by the comparison principle below (Lemma I4.3p . that w £j < v £j in 1Z2- We 
can conclude as in the previous case that, u < v in 7?-2- 



Step 2. Let ft + = {a: : < xi < 1, |a;'| < 1}. Define, 

*}= / F(|V^|)(uxi) 2 dx'+ f F{\Vv e i\)vjvl{dS, 

J&R+nlx^i} J&R+n{\x'\=i} 

where v n £j is the exterior normal of v £j on dlZ + n {\x'\ = 1}. We first want to prove that, 



Fj < [ (G(\Vv e i\)+B Ej (v £ i))dx'. 



'97e+n{x 1= i} 

In order to prove it, we proceed as in the proof of Lemma 14.21 This is, we can suppose 
that F(s) > c > 0, by using an approximation argument. Therefore, we can suppose that 
v £ -> £ W 2,2 {1Z2)- Multiplying equation (P £j ) by v x { in 1Z + and using the definitions of G and F 
we have, 

E r .= J J (G(\Vv^ I)) dx = J J F(|W*|)W*Vi£{dx 



div(F(|V^ \)Vv £ >v x \)dx - / / p e , {v e *)v x { =: Hj - Gj. 
n+ J Jn+ 



Using the divergence theorem and the fact that v x {(0,x') = (by the symmetry in the x\ 
variable) we find that, Hj = Fj. 

From the convergence of v £j — > u = a\x\\ in IZ2 and Proposition 14.11 we have that 

Vt> £j -> aei a.e in K J = 7£ 2 H {xi > 0}. 
Since |Vu £j '| are uniformly bounded, from the dominate convergence theorem we deduce that, 



(4.17) lim Fj = / g(a)adx' 

J&R.+n{x!=i} 
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and 

F 3 = E 3 + G 3 

(G(\Vv^\)+B £ Av^))dx 



■RA 



0^+n{xi=o} 



G(\Vv £ i\) + B e .(v £ i))dx'+ [ (G(\Vv e i\)+B £j (v £ i))dx' 

< ( (G(\Vv £ i\)+B £j (v £ i))dx'. 

Using again that v £j — > u = ot\xi\ uniformly on compact subsets of 72-2i we have that \\/v £j | — » a 
uniformly on dlZ + D {cci = 1} and B £j (v £j ) = M on this set for j large. Therefore, 

(4.18) limsupFj < / (G(a) + M) dx' . 



jr'^oo Ja^+n{xi=i} 
Thus, from (|4.17|) and (|4.18|) we obtain $(a) < M which is a contradiction. 



□ 



Now, we prove the comparison principle needed in the proof of the lemma above. This is the 
step where we need an additional hypothesis: There exist 770 > such that, 

(4.19) g'(t) < s 2 g'{ts) if 1 < s < 1 + 770 and < t < (y^f) . 

Remark 4.2. We remark that condition (|4. 19)) holds for all the examples of functions g satisfying 
condition (11.31) considered in the Introduction. 



sct a 



This is immediate when g is a positive power or the sum of positive powers. 
If g(t) = t a log (b + ct), we have for s > 1, 



s 2 g'{ts) = s a+1 at a -Hog (b + cts) + s a+2 —^ — > at a_1 Iog (6 + ct) + 



ct a 



j.a— It 



6 + cts 

Since 

5 '(t) = at a - 1 log(6 + ct) + 

+ cr 

condition ()4.19l) holds if 

* > 1 



b + cts 

ct a 



& + cts — 6 + ct 
Or, equivalently 

sb + est > b + est, 
and this last inequality holds for s > 1. 

Finally, if g € C7 1 (M), g(t) = cit ai for t < k, g(t) = c 2 t a2 + c 3 for t > k we have 



2 „ , fs ai+1 a 1 cit ai - 1 if st < k 
so Its) = < , , 

I s a2+1 a 2 C2t a2 " 1 if st > k. 



So that, 
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(1) If t > k, then ts > k and 

s 2 g '(ts) = s a2+1 a 2 c 2 t a2 - 1 > a 2 c 2 t a2 ~ l = g'{t). 

(2) If ts < k (i. e. t < k/s), we have, in particular, that t < k and 

s 2 g'{ts) = s^+^icit" 1 - 1 > aicit ai ~ l = g'(t). 

(3) If k/s < t < k there holds that s 2 g'{ts) = s a2+1 a 2 c 2 t a2 ~ l and g'(t) = aicit" 1-1 . There- 
fore, condition (I4.19|) is equivalent to 

(4.20) s a2+1 > ^Lt ai - a2 . 

a 2 c 2 

Observe that the condition that q' be continuous implies that = k a2 ~ ai . Thus, 

3 ^ a2C2 



11 / t \ 0-1-0-2 

(4.21) s fl2+1 > (- 



(I4.20|) is equivalent to 

s a *+ x > ( 

,k 

We consider two cases. 

(a) If a\ > a 2 , (|4.2ip holds since t < k and s > 1. 

(b) If ai < a 2 , as t > k/s there holds that, 

/£\ai-a 2 1 
Vfc/ < s a i-«s 

because -55- < s since s > 1. 



< — < s a2+ \ 



Let us now prove the comparison lemma used in the proof of Proposition 14.31 

Lemma 4.3. Let w £ {x\) in C 2 (R) such that w £ '(xi) > a > and v £ {x) > a solution of 
Cv £ = P e (v £ ) in 1Z = {x = (xi,x f ) : a < x\ < b, \x'\ < r}, continuous up to dlZ. Then, the 
following comparison principle holds: if v £ (x) > w £ (xi) for all x G dlZ and if, 

(1) C{w £ ) > fP £ {w £ ) on R, 

or 

(2) Cw £ > (3 £ {w £ ), w £ ' < $ _1 (^M) and g' satisfies condition 
then, v £ (x) > w £ (xi) for all x € 1Z. 

Proof. Since w £ '(x\) > a there exist xq such that w £ (xq) = 0. Let us suppose that xq = 0. Since 
v £ (x) > 0, we can find r such that, 

w £ {x\ — t) < v £ {x) on TZ. 

For ry > sufficiently small define, 

w e ' r '(xi) := w e (ip v {xi - Or,)), 

where tpr){s) = s + rjs 2 and > is the smallest constant such that (p^is — Cr/) < s on [— 2r, 2t] 
(observe that — > when 77 — > 0). If c v — ^ < — 2r then (^(s — c v ) < for s < c^. Observe 
that, in [— 2r, 2r], u; e,r? < w £ and, as 77 — > 0, w £,T1 — > ui £ uniformly. 

If we call ^(s) = (Pr)(s — c v ), we have, 
(4.22) Cw e « = sV'C^KK'W^) 2 + g'{w £ '{y v )$ ri )w £ '{y v )^. 
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In the first case we use that, by condition (jl.3p . we have for s > 1, 

ts ts gos 

Therefore 

(4.23) s 2 g'(ts) > -sg'(t). 

go 

Taking s = and t = w £ '((p' v ), using (g5ZD , the fact that ^" > 0, w £/ > and (g35D we 
have, 

Since, f3 £ (w £,ri ) = when x\ < and {p' v > 1 when xi > c^, we have that Cw £ ' v > (3 e (w £ ' v ). 

For the second case, choose small enough so that < c v < 1 and <pL( r ) — 1 + for 
a < r < b. 

If xi < c^, we proceed as in the previous case and deduce that L(w; £,r? ) > = (3 £ (w £,ri ). 

If x\ > c v , we can apply condition (|4,19p with s = (p' and t = w £ '{ip' rj ) since w £l < <$~ 1 (^M). 

Then, using that ip v " > 0, w £l > and (|4.22|> we have, 

Summarizing, in both cases we have, 

Cvf' v > Peivf'i), w £ ' v ^ w £ as T] ^ and w £ ^<w £ . 

Let now r* > the smallest constant such that 

w £,ri {xi — r*) < ?; £ (x) on 1Z. 

We want to prove that r* = 0. By the minimality of r*, there exists a point x* 6 TZ such that 
^^(^ - t*) = u £ (x*). If t* > 0, then ^(xi - r*) < ^'"(si) < w £ (xi) < v £ (x) on and 
hence, x* is an interior point of TZ. 

At this point observe that the gradient of w £,ri {xi — r*) does not vanish and Cw £,r, {x\ — r*) > 
j3 £ (w £ ' v (x* — t*)) = (3 e (v £ {x*)) = £t; £ (x*). We also have u/^xi - r*) < u £ (x) in 7£ and 
w E *(x\ - r*) = v £ (x*). Then, also Vw £ ^(x\ - r*) = Vt> £ (x*). 

Let, 

N 

Lv = ^2 a ij {Vw £ ' 71 (x 1 - T*))v XiXj . 

Since \ Vw £ ' ri {xi — r*)\ > near x*, L is well defined near the point x* and, by condition (|1.3|) . 
L is uniformly elliptic. 

Since Vw £,?? (x:[ — r*) = Vu £ (x*), we have that 

N 

Lw £ ' v (xl - t*) = Lw £ ' v (xl - t*) > Lv £ (x*) = ai3^v £ {x*))v e x . x . = Lv £ (x*). 
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Moreover, since v e is a solution to 

N 

Lv := ^2 aij{Vv e {x))v XtXj = /3 e (v), 

L is uniformly elliptic in a neighborhood of x* with Holder continuous coefficients and /? £ (v £ ) £ 
Lip, there holds that v e G C 2 in a neighborhood of x*. 

Therefore, we have for some 5 > 0, 

Ltt^xi - T *) > ^ e 0r) in B s (x*) 
w e ^{x\-T*) = v £ {x*) 
w e ^{xi — t*) <v e (x) in 7£. 

But these three statements contradict the strong maximum principle. Therefore r* = and 
thus, w £,ri < v £ on 1Z. 

Letting r/ — ► we obtain the desired result. 

□ 

5. Asymptotic Behavior of Limit Solutions 

Now we want to prove -for g satisfying conditions (jl.3p and (jl.4p - the asymptotic development 
of the limiting function u. We will obtain this result, under suitable assumptions on the function 
u. First we give the following, 

Definition 5.1. Let v be a continuous nonnegative function in a domain $7 C R . We say that 
v is non- degenerate at a point xq £ £1 n {v = 0} i/ £/iere exist c, r$ > suc/i £/ia£ 

1 f 

—jy / vdx > cr for < r < ro 

r JB r (x ) 

We say that v is uniformly non degenerate in a set £1' C D {v = 0} if the constants c and 
ro can be taken independent of the point xq € O'. 

We have the following, 

Theorem 5.1. Suppose that g satisfies conditions (II. 3D and (|1.4j) . Lei n £j be a solution to (-P e -) 
in a domain C 1^ swc/i i/iaf n £j — > u uniformly on compact subsets of f2 and e,- — > 0. Let 
xq 6 f2 PI <9{ii > 0} 6e smc/i i/iai <9{u > 0} has an inward unit normal v in the measure theoretic 
sense at xq, and suppose that u is non- degenerate at xq. Under these assumptions, we have 

U (x) = <&~ X {M){x - Xq, + o(\x - Xq\). 

The proof of this theorem makes strong use of the following result, 

Theorem 5.2. Suppose that g satisfies conditions (11 .31) and (|1.4j) . Let u £j be a solution to (P ej ) 
in a domain C M. N such that u £j — > u uniformly in compact subsets of and — > 0. Let 
x € nnd{u > 0}. Then, 

lim sup | Vit(cc) | < 

u(x)>0 
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Proof. Let 

a := limsup |Vit(x)|. 

x — >XQ 

u(x)>0 

Since u G Lipi oc (Q), a < oo. If, a = we are done. So, suppose that a > 0. By the definition 
of a there exists a sequence Zk — > xo such that 

u(zjfe) > 0, |Vu(z fc )| ->• a. 

Let yfc be the nearest point from Zk to Vl n <9{it > 0} and let d& = — 

Consider the blow up sequence u^ h with respect to Bj_ k (yk)- This is, Ud k {x) = ^-u{y^ + d^x). 
Since u is Lipschitz, and Ud k (0) = for every /c, there exists uq G Lip(]R Ar ), such that (for a 
subsequence) — ► uq uniformly in compact sets of M. N . And we also have that Cuq = in 
{n > 0}. 

Now, set Zk = (zk ~ Uk)/dk G 8B\. We may assume that Zk — > z G <9I?i. Take, 



|Vii dfe (^ fc )| |Vu(z fc )| 



Passing to a subsequence and after a rotation we can assume that Uk Observe that 

B 2 /s(z) C Bi{zk) for k large, and therefore uq is an L— solution there. By interior Holder gradient 
estimates (see [IB])) we have Vud k — ► V^o uniformly in i? 1 / 3 (z), and therefore Vu(zfc) — ► Vuo(z). 
Thus, V«o(2) = ae\ and, in particular, 9 Xl uo(z) = a. 

Next, we claim that |V«o| < a in R . In fact, let i? > 1 and 5 > 0. Then, there exists, To > 
such that |Vit(x)| < a + 5 for any x G B to h(xo). For |^ — xq\ < tqR/2 and < tq/2 we have, 
Bd k n{zk) C -B to r(xo) and therefore | Vud fc (a;) | < a + (5 in .Br for large. Passing to the limit, 
we obtain |Vt*o| < a + 5 in Br, and since 5 and i? were arbitrary, the claim holds. 

Since V«o is Holder continuous in B 1 / 3 (^), there holds that Vuo ^ in a neighborhood of f. 
Thus, by the results in [T7j, uo G W 2,2 in a ball B r (z) for some r > and, since 

J A(Vu )Vipdx = for every <p G C£°(B r (z)), 
taking ip = ip xi and integrating by parts we see that, for w = 

A 



y2 / Oij^vuo^))^^ ^ = o. 

„■_-, JBr(z) 



This is, ui is a solution to the uniformly elliptic equation 



9x 4 



Let now u> = a — to. Then, it; > in B r (z), w(z) = and Tw = in B r (z). By Harnack 
inequality we conclude that w = 0. Hence, u> = a in B T (z). 

Now, since we can repeat this argument around any point where w = a, by a continuation 
argument, we have that u> = a in -Bi(z). 
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Therefore, Vuo = ote\ and we have, for some y G E , uo(x) = a(xi — yi) in B\{z). Since 
u o(0) = 0, there holds that y\ = and uo(cc) = ct^i in Bi(iz). Finally, since Luq = in {uq > 0} 
by a continuation argument we have that uo(x) = ax\ in {x\ > 0}. 

On the other hand, as uq > 0, Luo = in {uq > 0} and uq = in {x± = 0} we have, by 
Lemma fC.2( that 

uq = -7x1 + o(\x\) in {xi < 0} 

for some 7 > 0. 

Now, define for A > 0, (uq)\(x) = jUq(Xx). There exist a sequence X n -> and u 00 € Lip(R iV ) 
such that («o)a„ - > ^00 uniformly in compact subsets of R^. We have uqo(x) = ax± + jx^ . 

By Lemma [4. II there exists a sequence e'- — ► such that u e i is a solution to (P £ i.) and u e j — > ito 
uniformly on compact subsets of R . Applying a second time Lemma 14.11 we find a sequence 
e'- — > and a solution u £ i to (P £ « ) converging uniformly in compact subsets of R w to uqq . Now 
we can apply Proposition 14.21 in the case that 7 = or Proposition 14.31 in the case that 7 > 0, 
and we conclude that a < <E> _1 (M). □ 

Proof of Theorem \5.1i Assume that xq = 0, and v = e\. Take u\(x) = ju(Xx). Let p > 
such that B p CC f2, since u\ G Lip{B p /\) uniformly in A, ua(0) = 0, there exists Xj — » and 
J7 G Lip(R ) such that u\.^ U uniformly on compact subsets of R^. From Proposition 14.11 
and Lemma 14.11 Lu^ = in {u\ > 0}. Using the fact that e\ is the inward normal in the 
measure theoretic sense, we have, for fixed k, 

\{u x > 0} n {a?i < 0} n B k \ -» as A -» 0. 

Hence, [/ = in {x\ < 0}. Moreover, [/ is non negative in {x\ > 0}, LU = in {U > 0} and U 
vanishes in {x\ < 0}. Then, by Lemma IC.2I we have that, there exists a > such that, 

U(x) = axf + o(|a;|). 

By Lemma 14.11 we can find a sequence e'j — > and solutions u £ j to (P E '.) such that u £ /, — > C/ 
uniformly on compact subsets of R as j — > 00. Define U\(x) = jU(Xx), then U x — ► axf 
uniformly on compact subsets of R^. Applying again Lemma 14.11 we find a second sequence 
a./ — » and u CTj solution to ) such that u"* — ► uniformly on compact subsets of M. N 
and, 

- a X{iEl >o}ei inL* +1 (R"). 

Now we proceed as in the proof of Proposition 14. 21 Let tp G C yo (M. N ) and choose Ux{ip as test 
function in the weak formulation of Lu aj = (3 a . {u a i ) . Then, 

B c . (u^ ) M X{xi >o} + Mx {ll <0} * -weakly in L°° 
with M = or M = M. Moreover $(a) = M - M. 
By the non degeneracy assumption on u we have, 

^ ^ n Aj cfe > cr 

and then, 

-5v / U *i dx - Cr - 

r N J Br 3 
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Therefore a > 0. So that we have that M = 0. Then, a 
We have shown that, 

_ \^~ 1 {M)xi + o(\x\) 



By Theorem[OJ \VU\ < $ -1 (M) in R^. As LT = on {xi = 0} we have, [/ < $ -1 (M)a:i in 
{xi > 0}. 

Since hU = in {xi > 0}, C7 = on {xi = 0}, there holds that U € ^'"({sci > 0}). Thus, 
|V?7(0)| = $ _1 (M) > so that, near zero, U satisfies a linear uniformly elliptic equation in non 
divergence form and the same equation is satisfied by w = U — ^~ l {M)x\ in {x\ > 0} (~l -B r (0) 
for some r > 0. We also have w < so that by Hopf 's boundary principle we have that w = in 
{x\ > 0}n-B r (0) and then, by a continuation argument based on the strong maximum principle 
we deduce that U(x) = ax^ in R . The proof is complete. □ 



= $~ 1 (M). 

x\ > 
xi < 0. 



Now we prove another result that is needed in order to see that u is a weak solution according 
to Definition 11.11 

Theorem 5.3. Let u £j be a solution to (P e -) in a domain O C R^ such that u e i — » u uniformly 
in compact subsets ofQ and Ej — > 0. Xe£ xq € finSjii > 0} and suppose that u is non- degenerate 
at xq. Assume there is a ball B contained in {it = 0} touching xq then, 

u{x)>0 

Proof. Let £ be the finite limit on the left hand side of (|5.ip . and — ► xq with u{yk) > and 

d k = dist(y k ,B). 

dk 

Consider the blow up sequence Uk with respect to Bd k (xk), where Xk 6 dB are points with 
\%k ~ Vk\ = dk, and choose a subsequence with blow up limit no, such that there exists 

Vk ~ x k 
e := lim — . 

k— »oo dk 

Then, by construction, Uo(e) = £ = £(e,e), uo(x) < £(x,e) for (x,e) > 0, uo(x) = for 
(x,e) < 0. In particular, Vuo(e) = £e. 

By the non-degeneracy assumption, we have that £ > 0. Since |Vito(e)| = I > and Vtio is 
continuous, both uq and £(x, e) + are solutions of Lv = in {«o > 0} Pl{{x, e) > 0} n {|Vtio| > 0} 
where 

N 

Lv := ^2 bij(Vu )v XlXj 

is uniformly elliptic and 



+ i 5(H) ^bl 2 ' 
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Now, from the strong maximum principle, we have that they must coincide in a neighborhood 
at the point e. 

By continuation we have that uq = £(x,e) + . Thus, we have by, Proposition 14,21 that t = 
$ _1 (M). 

□ 

6. Regularity of the free boundary 

We can now prove a regularity result for the free boundary of limits of solutions to Qi^D , 

Theorem 6.1. Assume that g satisfies conditions (II. 3p and (II. 4p . Let u £j be a solution to {P £ j) 
in a domain $7 C M. N such that u Ej —> u uniformly in compact subsets of O and £j — > 0. Let 
xq G H d{u > 0} be such that there is an inward unit normal v in the measure theoretic sense 
at xq. Suppose that u is uniformly non- degenerate at the free boundary in a neighborhood of xq 
(see Definition \5. Then, there exists r > such that B r (xo) n d{u > 0} is a C 1,Q surface. 

Proof. By Corollary 13. 11 Theorem 15. II Theorem 1 5 . 3 1 and the nondegeneracy assumption we have 
that it is a weak solution in the sense of Definition 11.11 Therefore Theorem 9.4 of |20j applies, 
and the result follows. □ 

7. Some examples 

In this section we give some examples in which the nondegeneracy condition is satisfied. So 
that, in these cases d Te d{u > 0} is a C 1,a surface. 

For the case of a limit of minimizers of the functionals 

(7.2) J £ (v)= [ G(\Vv\)dx + [ B £ {v)dx 

Jn Jn 

with B' e (s) = (3 £ (s), we wil also prove that 7Y Ar_1 (0{u > 0} \ d red {u > 0}) = 0. 

The uniform non degeneracy condition will follow from the linear growth out of the free 
boundary. This is a well known result for the case of the laplacian. We prove it here for the 
operator L (Theorem 17. ip . The proof is based on an iteration argument that, in the case of the 
proof for the laplacian, makes use of the mean value property (see [9]). We replace it here by a 
blow up argument (see Lemma lB.4p . 

Lemma 7.1. Let c\ > 1 and let u £ € C(£l), |Vu £ | < L with Lu £ = in {u £ > e} be such 
that there exists C > so that u £ {x) > C dist(x,d{u £ > e}) if u £ (x) > c\E and d{x) = 
dist(x,d{u £ > e}) < 1/2 dist(x, dCl). Then, there exists 5q > 0, So = 8q(c\,C) such that Ve > 
and\/x G {u £ > c±e} with d{x) < 1/2 dist(x,dQ) we have 

sup u £ > (1 + 5o)u £ (x). 

Proof. Suppose by contradiction that there exist sequences 5k — > 0, Eh > and Xk G {u £k > c\Ek} 
with dk = d(xk) < 1/2 dist(xk,d£l) such that 

sup u £k < (1 + 5 k )u £k (x k ). 
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Take wuix) = U '^ Xk ^ kX \ Then, wu(0) = 1 and 

max Wk < (1 + 5k), Wk > 0, and Ck w h = in B\, 

Si 

where L^u = divl — — — — vv\ with gk[t) = g 



On the other hand, in .B2 we have 

4 < L 

u e *{x k ) ~ C 



VWfc|| L oo (jB2 ) = \\Vu £k (x k + 4aj)|| ioo ( B2 )— ; r < — . 



Then, there exists w € C{B\) such that 

Wk uniformly in JBi. 

Take < r < 1 ant let Ufe(x) = (1 + 5k) — Wk(x). Then, since gk satisfies f 1 1 . 3 [) . by Harnack 
inequality we have 

< Vk(x) < c(r)«fc(0) for \x\ < r. 
By passing to the limit we have 

< 1 - w < c(r)(l - w(0)) = 0. 

Therefore w = 1 in B\ . 

Let j/fe € <9{u fc > e fc } with - yfc| = d fc . Then, if z k = Vk ^ k we have, 



/ \ e k 1 

U £ k{x k ) Cl 

and, we may assume that z fc -s- z € &Bi. Thus, 1 = w(z) < ± < 1. This is a contradiction, and 
the lemma is proved. □ 

Theorem 7.1. Ze£ c\ > 1, C, L > and 17' CC fi. There exist Co, ro > swc/i i/iai, z/ 
u e S C(f2) is suc/i £/ia£ Lu £ = in {u £ > e}, 11^°° (Q') 5 II ^ uE \\l°°(CI') — L an d u £ (x) > 
C dist(x,d{u £ > e}) if x € {u £ > c\e} n 0' and = dist(x,d{u £ > ej) < 1/2 dist(x, dQ') 
then, if xo € 17' Cl {ii e > cie} u>ii/i dist(xQ,d{u £ > e}) < 1/2 dist(x, dQ') there holds that, 

sup ii £ > cor /or < r < ro. 

B r (xo) 

Proof. The proof follows as that of Theorem 1.9 in [9] by using Lemma lB.4l and the same iteration 
argument as in that theorem. □ 



As a Corollary we get the locally uniform nondegeneracy of u = limu £ if u £ are solutions to 
(P e ) with linear growth. In fact, 

Corollary 7.1. Let u £j be uniformly bounded solutions to {P ej ) in ^ such that for every 17' CC 
there exist constants c\ > 1, C > such that u £ i(x) > C dist(x,d{u £ J > Ej}) if x £ {u £ i > 
ciEj} n ffl and d{x) = dist(x,d{u £ J > Ej}) < 1/2 dist(x,dQ'). Assume u £ i — > u uniformly on 
compact subsets o/fi. 
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Then, there exist constants cq, tq depending on c±, C, the uniform bound of \\u £ i an d 
Q' such that for every x$ G 0,' n {u > 0} such that dist(xQ,d{u > 0}) < l/2dist(xQ, d£l'), 

sup u > cor for < r < r$. 

B r (x ) 

Proof. The proof follows from Theorem 17.11 as in Chapter 1 in [9] . □ 



7.1. Example 1. Before we give the first example we need the following, 

Definition 7.1. Let u e be a solution to (P e ). We say that u £ is a minimal solution to (P £ ) in 
Q if whenever we have h £ a strong supersolution to (P e ) in fl' CC fl, i.e., 

X7h £ 

h e e w i,G(ty n C(W), g{\Vh £ \)—— G W 1 ' 1 ^'), Lh £ < (5 £ {h £ ) in n', 

\\/h £ 



which satisfies 
then, 



h £ > u £ on dfl, 
h £ > u £ in CI'. 



We can prove for minimal solutions, as in Theorem 4.1 in [3], the following 

Lemma 7.2. Let u £ be minimal solutions to (P £ ) in a domain ft C R . For every O' CC fl, 
there exist C, p and £q depending on N, dist(Q! , dfl) and the function (3 such that, if e < Eq and 
then 

u £ {x) > Cdist(x,{u £ < e}) 

if dist(x, {u £ < e}) < p. 

Proof. The proof follows the lines of Theorem 4. 1 in [3] . □ 

Then, by Theorems 16.11 and 17.11 we have the following 

Theorem 7.2. Assume that g satisfies conditions (|1.3p and (|1.4|) . Let u £j be uniformly bounded 
minimal solutions to (P £j ) in a domain C such that u £j — ► u uniformly in compact subsets 
of tt as ej -» 0. Then, fl n d red {u > 0} G C 1 '". 



7.2. Example 2. We consider solutions of Qi^D that are local minimizers of the functional: 

(7.3) J £ (v) = [ [G(\Vv\) + B £ (v)]dx 

Jq 

where B' £ (s) = (3 £ (s). This is, for any Q' CC Q, u £ minimizes 

[G(\Vv\) + B £ (v)]dx 



in u £ + W 1 ' G {Vl'). 

By Theorem 17. 1\ in order to prove the nondegeneracy we only need to prove the linear growth 
out of d{u £ > e}. The proof follows the lines of Corollary 1.7 in [9]. 
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Lemma 7.3. Given c\ > 1 there exists a constant C such that if u e is a local minimizer of J E 
in B\ and u £ (xq) > c±e, xq € B-\_u, then 

u £ (xq) > Cdist(xo, {u £ < e}) 

if dist(x , {u e < e}) < 1/4. 

Proof. The proof follows as in Theorem 1.6 in [9]. □ 

Therefore, we have that minimizers satisfy the uniform nondegeneracy condition. 

Now, we want to prove that for the limiting function we have that almost every point of the 
free boundary belongs to the reduced free boundary. To this end, we will prove that the limiting 
function is a minimizer of the problem treated in [20|. We will follow the steps of Theorem 1.16 
in [S]. We will only give the details when the proof parts from the one in [U]. 

First we want to estimate the measure of the level sets dQ\ where Q\ = {u e > A}. 

For a given set T> we denote by Afs(T>) the set of points x such that dist(x, T>) < 5. 

Theorem 7.3. Given c\ > 1 there exist C2,c^ > such that if A > c\E and 1/4 > 5 > C2A then, 
for R < 1/4 we have, 

\N s {dSl x )nB R )\<c z 5R N - 1 . 

In order to prove this theorem, we need two lemmas. 
Lemma 7.4. If X > e and R < 3/4 then, 

G(\Vu £ \)dx < c5R N -\ 



{\<v,z<6}nB R 

Proof. First, let us prove that for w S W 1 ' G {Br) such that suppw C {u e > A} with A > e, we 
have 



(7.4) I F(\Vu £ \)X7u £ Vwdx= [ wF(\Vu' 

Jb r JdB B 



ov 



We follow the ideas in the proof of Lemma 14.21 This is, we suppose first that F(t) > ct and 
then, we use an approximation argument as in that lemma. 

If F{t) > ct then, by the estimates of [TJ], we have that the solutions are in W 2,2 (£l), so 
equation (|7.4|) follows by integrating by parts and using that Lu £ = in {u £ > e}. Finally we 
use the approximation argument of Lemma 14.21 and the result follows. 

Now, let w = min{(ti e — X) + ,5 — A}. Then, w € W 1,G (Br), suppw C {u £ > A} so that, by 
(|7.4j) we have, 

G(\Vu £ \)dx<C / wF{\Vu £ \)^-dH N - 1 < C5R N ~ l 



{\<u^<s}nB R JdB R 9 

and the result follows. □ 

Lemma 7.5. Given c\ > 1 there exist C\, Ci,C2 > such that, if A > c\E and 1/8 > 5 > C2A 
we have, for R < 1/4, 

\M s (dn x ) n b r \ <c 2 f G(\x/u £ \) dx. 

J{x<u^<CiS}nB R+s 
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Proof. First, we cover J\f$(dQ\) n Br with balls Bj = Bg(xj) with centers Xj E d£l\ D .Br which 
overlap at most by uq (with no = uq(N)). 

We claim that in each of these balls there exist two subballs B] and B 2 - with radii r,- = C 8 
with C to be fixed below such that, if v = {u e — A) + then, 

u > -g- 5 m 5 j ' u - Y6 ' 

where Co is the constant of nondegeneracy for balls centered in -B1/4 with radii at most 1/8. 

In fact, take Bj = B rj (xj) with rj = -^5 (here || ^7u 6 \\ L <x^ Bs/ ^ < L). Observe that, since 
u e (xj) = A then, v(x) < Lrj = &5 if x e Bj. 



Let now, yj G Bg/^(xj) such that 

... _ d 

u (yj) = sup 11 > co-. 

B ,5/4 0j) 

Let B) = B r .(yj). Then, if x e #}, 

u £ (x) > u e (yj) - Lrj >cq-- Lrj. 

Thus, 

u e {x) _ A > CQ S _ _ Lrj . _ A > q _ f| _ c -l )5 > |j 

Let rrij = ~fg. v. We claim that in one of the balls Bj, Bj we must have \v — rrij\ > c5 for a 
certain constant c > 0. 

Suppose by contradiction that there exist xi 6 Bj and X2 £ -Bj with 

|i>(a;i) — rrij\ < c5 \v(x2) — rrij\ < c5. 

Then, 

^-6 - ^5 < v(xi) - v{x 2 ) < 2c5 
8 lb 

which is a contradiction if we take co/16 > 2c. 

Therefore, if k is such that \Bj\ = \Bj\ = k\Bj\ we have, by the convexity of G and Poincare 
inequality that, 

-3- f G{\Vv\)dx > G(j±-r [ \Vv\dx) > G(^- [ \ v - m i\ dx ) >G(^-k\BAc 



This implies that 

f G(\Vv\)dx >C\Bj\ 
Jb 3 

As 

Br H N&(dVL\) C Bj 
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we have 

\B R nM s (dn x )\<J2\Bj\<^Yl I G(\vv\)dx 

J Bj 

G(\Vv\)dx = ^[ G(\Vu £ \)dx. 

On the other hand, if x € Bj then u £ (x) < C±S where C\ = c^ 1 + L. Then, as |J Bj C B R+ $, 
we have 

\B R nM s (dn x )\ < ^ / G(\v u £ \)dx. 

c J{A<M £ <Ci5}nB fl+(S 

□ 

Proof of Theorem \B.2\ Using Lemmas IB. 51 and 17.51 we have 

\B R _ s nN s (dn x )\ < C [ G(\Vu £ \)dx < CocddR*" 1 . 

As \B R \ B R _s\ < CJi?^ -1 we obtain the conclusion of Theorem IB. 21 □ 

Now, we can pass to the limit as e — > 0. There exists a subsequence u £k converging, as — » 0, 
to a function uq £ W 1,G (0) strongly in L <5+1 (r2), weakly in and uniformly in every 

compact subset of f2. 

Let f2' CC 0,, xq € 17' n 9{fio > 0} and po < l/2d£st(fi', dQ). Then, by using the previous 
results we can prove as in Theorem 1.16 in [9] that uq is a local minimizer of 

J (v) := / [G(\Vv\) + M X{V>0} ] dx. 
Jb p (x ) 

Finally we can apply the results of [20] and conclude that W Ar_1 -almost every point of the free 
boundary belongs to the reduced free boundary. Moreover, by applying the regularity results for 
minimizers of Jo from [2UJ (see |19] for the regularity of the whole free boundary in dimension 
2) we have the following theorem 

Theorem 7.4. Suppose that g satisfies (jl -3D . Let u e i be a local minimizer of (17. 3\\ in a domain 
C such that ii £j — > u uniformly in compact subsets of Q and — ► 0. Then, d re d{u > 0} 
is a C 1,a surface and Tl N ~ 1 (d{u > 0} \ d re d{u > 0}) = 0. In dimension 2, if there exist to and 
k such that g(t) < kt for t < to there holds that the whole free boundary is a regular surface. 

Appendix A. Properties of G 

The following result is proved in [20J. 
Lemma A.l. The function g satisfies the following properties, 

(gl) mm{s S ,s 90 }g(t) < g(st) < max{/, s 9o }g{t) 
(g2) G is convex and C 2 

(g3) ^P- < G(t) < tg(t) Vt>0. 
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Appendix B. A result on ^-solutions with linear growth 



In this section we will state some properties of £-subsolutions. 

Lemma B.l. Let < r < 1. Let u € C(B^) be such that Lu > in B+ and < u < axN in 

, u < 5oax]y on dB+ n B ro (x) with x € dB+ , xn > and < So < 1. 

Then, there exists < 7 < 1 and < r/ < 1, depending only on r and N such that 

u(x) < 70Xtv in B^ r . 

Proof. By the invariance of the equation Lu > under the rescaling u(x) = u(rx)/r we can 
suppose that r = 1. 

Let be a L Q -solution in i?^, with smooth boundary data, such that 

( = xn on dBf \ B rQ (x) 

o~o%N < tp a < xn on dBf n B ro (x) 
= 5 x N on <95^ n B ro / 2 (x), 

where L a t> = div ^°^ - Vt>^ and <? Q (t) = g(cd). 

Therefore, L(a^ Q ) = and, by the comparison principle (see [20]), u < at(j a in i?^. 

If we see that there exist < 7 < 1 and n > 0, independent of a, such that ip a < 7x7V in 
the result follows. 

First, observe that, 

(B.l) i < — 77T- < go- 

gait) 



Then, by the results in [To], for < po < 1 and some < /3 < 1, 

f eC^(B+)n^(5+). 

( B - 2 ) The C 1 ' /3 (B+") and C p {Bf) norms are bounded by a constant independent of a. 
The constant of the Harnack inequality is independent of a. 

If |V^ a | > u > in some open set U, we have that ip a € W 2,2 {U) and ip a is a solution of the 
linear uniformly elliptic equation, 

N 

(B.3) T a ip = biji> XiXj =0 in U, 

where 



b % ^' + V <fe(|V^|) 
and the constant of ellipticity depends only on go and 5. 

Now, we divide the proof into several steps. 



Step 1 
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Let w a = x N - ip a . Then, w a G C X ^{B%) n C f3 (B+) and it is a solution of T a w a = in any 
open set U where |V^ a | > /i > 0. 

On the other hand, as ip a < x^ on dB^ and both functions are L Q -solutions we have, by 
comparison, that ip a < xjy in Bf. Therefore w a > in Bf. 

Step 2 

Let us prove that there exist p, c and ao, such that |VV> a | > c in 5^ if < a < oto- 
First, let us see that there exist c > and a\ such that 
(B.4) ip a (l/2e N ) > c if 0< a < ai. 

If not, there exists a sequence a& —* such that ip ak (l/2eN) — ► 0. Since the constant 
in Harnack inequality is independent of a (see (lC,2j) ). we have that, V"* — * uniformly in 
compact sets of B± '. 

On the other hand, using that V a are uniformly bounded in C^(Bf), we have that there 
exists ip £ ^(B^) (~l C^(B^) such that, for a subsequence, V> Qfe — ► ^ uniformly in B^. 

Therefore, tp = in SJ 1 ". But we have that V = ^o^N on B ro /2(%) n dBf, which is a 
contradiction. 

Now, let x\ G {a; at = 0} Pi -B1/2- Take 20 = x i + ^4" • By (|Q.2|) we have that there exists 
a constant ci independent of a such that, ip a (x) > cit/j Q (l/2ej\r) for any 2 G dBi/ 8 (xo) and 
therefore, by (|C.4p . V Q > c on dB 1 / 8 (xo). 

Take u = e(e — A ' a;— 3:0 ' 2 — e _A / 16 ), and choose A such that L a v > in Bu^xq) \ B 1 / 8 (xo) and 
e such that v = c on d-B^g^o) (observe that, by Lemma 2.9 in [20] A and e can be chosen 
independent of a). 

Since ip a > = v on OBi/^xq) and V a > w on 8Bi/ 8 (xq) we have, by comparison, that 
^ a > v in -B 1/4 (x ) \ B 1 / 8 (xo). 

On the other hand v XN (xi) = £2X(xq — xi)Ne~ x ^ Xl ~ Xo ^ = ^e~ A//16 = c, and therefore 
4>x N ( X l) > c. 

As Vif) a are uniformly Holder in B^u, we have that there exists p independent of a and x\ 
such that ij)% N (x) > c in f?+(xi). 

Step 3 

Since |V?/> a | > c in we have that, T a w a = there. 

Suppose that w a (l/2peN) > c, with c independent of a. Then, by Hopf's Principle we have 
that there exists a\ depending only on N and the ellipticity of T a such that w a > ct\Xn in B^ 2 . 
Then, taking 7 = 1 — o\ we obtain the desired result. 

Step 4 

Finally, let as see that the assumption in Step 3 is satisfied. This is, let us see that w a (\j2pepf) > 
c > where c is independent of a. 
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Suppose, by contradiction that for a subsequence, w ak (1/2/oejv) — > 0. We know that in i?+ 
T a w a = 0. Therefore, applying Harnack inequality we have that w ak — ► in U+. 

On the other hand, since ^ a — > ip and V"i/> a — > uniformly in 5^ for every < po < 1 
there holds that w ak w = x n — in C l (B^ ). Let 

A = {x G Bf I w = 0}, 

and suppose that, there exist a point x\ 6 cM n Bf. Then, as w a > Owe have that w attains 
its minimum at this point. Therefore Vwj(xi) = 0. 

Since Vw ak — > Vui uniformly in a neighborhood of xi, we have that for some r > indepen- 
dent of a^, |V^ Qfc | > 1/2 in i? r (xi). Thus, in this ball, w ak satisfies T ak w ak = 0. 

Now, applying Harnack inequality in B T {x\) and then, passing to the limit we obtain that 
w = in B T / 2 (xi), which is a contradiction. 

Hence, w = in B± . But, on the other hand, we have w = xn — o~qXn > on dB\ n B ro j2(x), 
which is a contradiction. 

□ 

With Lemma [CJ] we can also prove the asymptotic development of L— solutions. 

Lemma B.2. Let u be Lipschitz continuous in Bf, u > in Bf , Lu = in {u > 0} and u = 
on {xn = 0}. Then, in B^ u has the asymptotic development 

u{x) = otXN + o(|x|), 

with a > 0. 
Proof. Let 

ctj = inf{Z / u < lx n in .B^}. 

Let a = lim^oo aj. 

Given eo > there exists jo such that for j > jo we have aj < a + eo- From here, we have 
u(x) < (q + £o)^tv in Bt-i so * na ^ 

u(x) < axjv + o(|x|) in .B^ . 

Since u > 0, if a = the result follows. So, let us assume that a > 0. 
Suppose that u(x) 7^ oxtv + o(|x|). Then there exists Xk — ► and 5 > such that 

u(x fc ) < ax fejJV - <5|x fc |. 

Let rfc = and itfe(x) = r7 u^r^x). Then, there exists uo such that, for a subsequence that 
we still call Uf., — > uq uniformly in Bf and 

Uk(xk) < 0(Xk,N - 8 

Uk(x) < (a + Sq)xn in Bf, 
where X\- = and we can assume that X& — > Xo- 

In fact, it(x) < (a + £o)xjv in B^ jQ , therefore Uk{x) < (a + Eo)xn in B + _ 1 - o , and the claim 
follows if k is big enoug h so that r^ 1 2~ J '° > 1. 
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If we take a = a + Eq we have 

'Lu k > in 

= on {xjv = 0} 

< Uk < axN on dB^ 

Uk < Sqolxisi on dB^ n Bf(x), 

for some x € dBf , xn > and some small f > 0. 

In fact, as the t^'s are continuous with uniform modulus of continuity, we have 

Uk(xo) < ax 0:N - -, i£k>k. 

Moreover there exists ro > such that u/,(x) < ax n — f in -84^(^0)- If ^o,JV > we take x = xo, 
if not, we take x E dB^ ro (xo) n &Bi. Then, xat > and 



it A: 0*0 < ax/v — 7 m B ro (x) CC {xat > 0}. 



Moreover, there exists < Sq < 1 such that ckxat — £ < 5qo.xn < 5oaxN m B ro (x), and the 
claim follows. 

Now, by Lemma IC-H there exists < 7 < 1, 77 > independent of £0 an d such that 
Uk(x) < 7(0 + £0)^ in As 7 and 77 are independent of fc and eq, taking eo — » 0, we have 

^fc(a^) < 7ttXAr in 

So that, 

ii(x) < 7«xat in BJ . 

Now if j is big enough we have ■ja < ay and 2~ J < r^r). But this contradicts the definition of 
ay. Therefore, 

u(x) = oixn + o{\x\), 

as we wanted to prove. □ 



B.l. Example 1. We consider solutions of < \P £ \j that are local minimizers of the functional (17.2 
i.e: For any Q! CC £1, u £ minimizes 

r [G(\Vv\) + B £ (v)]dx 



w 

in u £ + W 1 ' G (n'). 

In order to prove the nondegeneracy we will need a linear growth result. We will use the 
following notation: for any A > 0, ft\ = {u £ > A}. The proof follows the lines of Corollary 1.7 
in 0. 

Lemma B.3. Given c\ > 1 there exist constants C\ and C2 such that if u £ is a local minimizer 
of J £ in Bi and u £ (x) > c±e, xq S B 1 u, 

C\dist(xo, {u £ < e}) < u £ (x ) < C2dist(xo, {u £ < e}) 

ifdist(x ,{u £ < e}) < 1/4. 
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Now we can prove the uniform nondegeneracy condition. To this end, first we have to prove a 
lemma. For the proof we have to make different approach of the one in Lemma 1.10 in [9] since 
for our operator we don't have mean value property as in the case of the Laplacian. Instead, we 
have to use a blow up argument. 

Lemma B.4. Given c\ > 1, if u £ G C(Q), |Vu e | < L, u e {x) > Cdist(x,d{u £ > e}) and 
d(x) = dist(x,d{u £ > e}) < l/2dist(x,d£l) then there exists 8o > such that Ve > and 
Vx G {u e > c±e} we have 

sup u e > (1 + 5o)u e (x). 

B d (x)(x) 

Proof. Suppose by contradiction that there exists a sequence 8 k — > 0, e k > and x k G {u £k > 
c i £ k} with 

max u £k < (1 + 5k)u £k (x). 

9B dk (ac fc ) 



Take w k (x) = - i^^y^ , then w k (0) = 1 and 



maxm < (1 + S k ), w k > and C k w k = 

dB-L 



where C k v = divf gfc |y^j^ Vim with g k (t) = 9\~~^~j ■ Therefore, 



niaxiDfc < (1 + 8k)- 
Bi 



On the other hand, in B2 we have 



\\VWk\\ L ™(B2) = \\Vu £k (x k + d k x)\\ L °°(B 2 ) e ^ \ < ^■ 

Let yfc G dfi e , with \x k — yk\ = dk then we have for x G B\, 

, . u £k (xk + xdi.) 1 r , , . -. 1 2L 

«>k * = A s < -777 — s[u {Vk) + L2d k ] < - + — , 

U £k {Xk) U £k [Xk) C\ C 

therefore 

1 2L 

0<w fc <— + — . 

ci C 

Then, there exists w G C{B\) such that 

w k uniformly in Si. 

Take < r < 1 ant let v k {x) = (1 + 8 k ) — w k (x) then by Harnack inequality we have 

< Vk(x) < c(r)v k (0) for \x\ < r 

passing to the limit we have 

< 1 - w < c(r)(l - w(0)) = 0. 
Therefore w = 1 in B\. On the other hand, if Zk = Vh ^ k we have, 

t \ e k I 

w k\ z k) = -777 n < — 

U £k (x k ) Ci 

and Zk — > z G dB\ then w(z) < ^- < 1 and this is a contradiction since w G C{Bi). 



□ 
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Theorem B.l. Given c\ > 1, and let O' CC SI. 

local minimizer of J £ in Q, xq G Q' D {u £ > c\e} 

sup u e > c^r 

B r (xo) 

Proof. The proof follows as in Theorem 1.9 in 
argument of that Theorem. 



Then there exist co,ro > such that if u e is a 
and dist(xo, d{u £ > e}) < ^ we have 

if < r < ro- 

[9] using Lemma IB.4I and the same iteration 

□ 



Escribir los otrs lemas 

Now we want to prove the following, 

Theorem B.2. Given c\ > 1 there exist C2,c^ > such that if A > c\E and 1/4 > 5 > c — 2A 
i/ien /or it! < 1/4 we have, 

\N 5 (dn)nB R )\<c 3 5R N -\ 

Lemma B.5. If X > s and R < 3/4 then 

G(\Vu £ \)dx < c5R N ^. 



'{X<u s <8}nB a 

Proof. First let as prove that for all w G W 1 ' '{Br) we have 



<9n £ 



F(|V?/|)Vu e dx = / w^d^- 1 



Let it; = min{(u £ — A) + ,5 — A} then w G VK 1,g (.Br) and 

/ G(\Vu £ \)dx = [ w^-dH^ 1 

J{\<u?<8}nB R JdB R OV 



□ 



Lemma B.6. Given c\ > 1 exisi Ci,C2,C2 > such that if A < cie, 5 > C2A and 5 < 1/8 we 
have for R < 1/4 i/iai 

M(0fi A ) n < C 2 [ G(\Vu £ \) dx. 

J{A<M £ <Ci<5}nB H+5 

Proof. First we cover Ns(dQ\) n -Br_,5 with balls .£>., = B$(xj) with centers Xj G 30a) H 5r 
which overlaps at most by no (with no = no(N)). 

We affirm that in one of these balls there exists two subballs Bj and B? with radios rj = 0(5) 
such that if u = (u £ — A) + then, 

u > — m Ba , n < — m is. , 
~ 8 3 ~ 16 J 

where Co is the constant of nondegeneracy for balls centered in B^u with radios at most 1/8. 

In fact, take B"j = B rj (xj) with rj = (here || Vu £ \\loo^ B3/ ^). Observe that u £ (xj) = A 
then if x G B? u(x) < Lrj = ^5. 



38 S. MARTINEZ & N. WOLANSKI 



Let now, yj € Bgu(xj) such that 

. , 5 

u (yj) = sup 11 > co-. 

Let Bj = B r . ( yj ) if x 6 £j then, 

u £ (x) > u £ (yj) - Lrj > c - - Lr^ 

we have, 

u e (x) — A > co- — Lr 7 - — A > (— — — — c^)5 > ^5 
\ J - u 4 j _ v 4 16 2 J - 8 

Let 77T-J = -f B u. We affirm that in one of the balls Bj, B 2 - we must have \u — rrij\ > c<5. 
Suppose by contradiction that there exist x\ 6 -Bj and X2 € -Bj with 

|ii(zi) — rrij\ < cS \u(x2) — rrij\ < c5 

then 

~ - ~ u ( x z) < 2c5 

8 lb 

which is a contradiction if we take co/16 > 2c. 

Therefore, if \Bj\ = \B?\ = k\Bj\ we have by the convexity of G and using Poincare inequality 
that 



-3- / G(|Vu|)dx > g(-3- / \Vu\dx\ > g(^- [ \- f mil dx) > G(-^-k\BAc 
which means that 

/ G{\Vu\)dx>C\Bj\. 
Jb 3 

As 

Bfl_*nW«(ai2 A ) cljBj 

we have 

\B R _ s n^ s (an x )\<J2\ B j\<^J2 I G(\vu\)dx 

<V«f G{\Vu\)dx = T ^ I G{\Vu £ \)dx. 

On the other hand, if x G Bj then u £ (x) < C\5 where C\ = 1 + Then, as |J Bj C Br + $, 
we have 

\B R ^ s nM 5 (dn x )\<^ [ G(\vu £ \)dx. 

G J|A<u e <Ci5>nB R . a 



'{A<u e <Ci(5}nB K+ ,5 

□ 



Now, using Lemma lB.51 we have 



|S fl _ M njVi(afi A )| < Co / G(|Vn £ |)dx < CocCxSR 1 

JiA<« E <C*i(5inBR 



>7V-1 

'{A<u e <Ci5}nB fl 

As \Br \ Br_2s\ < CdR 1 ^" 1 we obtain the conclusion of Theorem IB. 2[ 
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Appendix A. Properties of G and Orlicz spaces 



The following results are all include in |20j . 

Lemma A.l. The function g satisfies the following properties, 

(gl) mm{s S ,s 9o }g(t) < g(st) < max{s <5 , s 9o }g(t) 
(g2) G is convex and C 2 

(g3) < G(t) < tg{t) Vt>0. 

We recall that the functional 

|M| G = inf{fc>0: J G(l^i) dx<l} 
is a norm in the Orlicz space Lq(Q) which is the linear hull of the Orlicz class 



Ko(fl) = ju measurable : J G{\u\)dx < ooj, 



observe that this set is convex, since G is also convex (property (g2)). The Orlicz-Sobolev space 
W 1 ' (Q) consists of those functions in L G (Q) whose distributional derivatives Vit also belong 
to L G (fl). And we have that ||tt||wi,G = max{||u||G, ||Vu||g} is a norm for this space. 

Appendix B. Blow-up limits 

Now we give the definition of blow-up sequence, and we collect some properties of the limits 
of these blow-up sequences for certain classes of functions that are used throughout the paper. 

Let u be a function with the following properties, 

(CI) u is Lipschitz in f2 with constant L > 0, u > in Q and Cu = in f! n {« > 0}. 
(C2) Given < k < 1, there exist two positive constants C K and r K such that for every ball 
B r (xo) C 0, and < r < r K , 

\ 1/7 

u 1 dx\ < C K implies that u = in B rt (xq). 



B r (xo) 

Definition B.l. Let B Pk {xk) C be a sequence of balls with pk — > 0, Xk — > a^o G ^ and 
u(xk) = 0. Let 

u k {x) := —u(x k + p k x). 
Pk 

We call u k a blow-up sequence with respect to B Pk {x k ). 

Since u is locally Lipschitz continuous, there exists a blow-up limit u$ : M N — > R such that 
for a subsequence, 

u k -> u in Cfo c (R N ) for every < a < 1, 

Vu fc ^Vuo * -weakly in L™ C (R N ), 
and «o is Lipschitz in M N with constant L. 
Lemma B.l. If u satisfies properties (CI) and (C2) i/ien, 
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(1) uq > in Q and Cuq = in {uq > 0} 

(2) d{uk > 0} — > d{uo > 0} locally in Hausdorff distance, 

(3) // K CC {uo = 0} ; then Uk = in K for big enough k, 

(4) If K CC {uq > 0} U {uo = 0}°, then Vut — * V«o uniformly in K, 

(5) Ifx k G d{u > 0}, then G d{u > 0} 

Proof. The proof follows as in [?] and [?] . □ 

Appendix C. A result on ^-solutions functions with linear growth 

In this section we will state some properties of £-subsolutions. 

Lemma C.l. Let u be a L— solution function in £>+ such that, < u < oixn in B^~ , u < Sqcxxn 
on dB+ n B ro (x) with x G dB+ , xn > and < 5o < 1 . 

Then there exists < 7 < 1 and < e < 1, depending only on r and N , such that u(x) < 
7axN in Bf r . 

Proof. By the invariance of L- solution under the rescaling u(x) = u(rx)jr we can suppose that 
r = 1. 

Let i/j a be a L a -solution in Bf, with smooth boundary data, such that 



Therefore L(aip a ) = 0, and by the comparison principle(see [20] ) u < aip a in Bf. If we see 
that there exist < 7 < 1 and e > 0, independent of a, such that tp a <^x^ in the result 
follows. 

First, observe that, 



ip a = xn on dB+ \ B ro (x) 

< SqXn <4> a < x N on dB^ n B ro (x) 
k V a = ^o^Af on dBf n B ro/2 (x), 




(C.l) 



<5 < 



< 50 



then by [E], 

G c^iBj) for some /9 > 0, 
(C2) the norm is bounded by a constant independent of a and 

the constant of the Harnack inequality is independent of a. 



If IV^ ! > > in some open set U, we have that t/) a G W 2,P {U) and is a solution of the linear 
uniformly elliptic equation, 



v 




where bf- was define in [2D], and the constant of ellipticity depends only on go and 6. 
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Now, we divide the proof in several steps, 
Step 1 

Let w a = xn — V' a then w a 6 C 1 '^(-BJ I ") and is a solution of T a w a = in any open set U 
where jV'i/' ! > /i > 0. 

On the other hand, as ift a < xjv in dBf and both functions are L a -solutions we have, by 
comparison, that ip a < xn in Bf. Therefore w a > in Bf. 

Step 2 

Let us prove that, there exist p and c independent of a, such that |VV> a | > c in B+. 
First, let as see that there exists c > independent of a such that 

(C.4) iP a {l/2e N ) > c. 

If not, there exists a sequences of — > such that ip ak (l/2eN) — ► 0, but, since the constant 
in the Harnack's inequality is independent of a (see (|C.2p ). we have that, ~~ *■ uniformly 
in compact sets of . On the other hand, using that ip a are uniformly bounded in C l, ^{B^) : 
we have that there exists tp S C 1 (i?^") such that, for a subsequence ■0 Qfe — > ifj uniformly in Bf. 
Therefore ip = in Bf, but we have that ip = 5 xn on B ro / 2 (x) HdB^ , which is a contradiction. 

Let x\ € {xat = 0} PI Bin, take xo = x\ + ^f-. By (lC.2j) we have that there exists a constant 
ci independent of a such that, vjj a (x) > c\ip a {\/2eM) for any x € clB;iyg(xo) ; and therefore by 
(1231) V" > cin &B 1/8 (x ). 

Take v = e{er x \ x ~ x °\ _ e -A/i6^ anc j c h ose A such that Lv > in ^^(xo) \ -Bi/g(xo) and 
e such that v = c on d-Bi/g(xo) (observe that, by Lemma 2.9 in [20] A and e can be chosen 
independent of a). Since ip a > and V a > cOf on BBij^xq) we have by comparison that 
ip a > v in .B^^xo) \ i?!/ 8 (xo). On the other hand — ^^(xi) = e2A(x — xo)at = e2Al/4 = c, 
and therefore — ip% N (xi) > c. As the ip a are uniformly Lipschitz, we have that there exists a p 
independent of a such that —ijj^ N (xi) > c in B+ . 

Step 3 

Since |V?/> a | > c in B+, we have that, T a w a = there. Suppose that 
w a (l/2eN p) > c, with c independent of a. Then by the Harnack's inequality we have that there 
exists c"i depending on (3 and N such that, w a > a\w a {l/2eN p) > a 2 in B^ 2 , where a 2 is a 

constant independent of a. Therefore w a > a 2 2p~ l x^ in B^ 2 , then taking 7 = 1 — 2p~ l a 2 and 
e = p/2, we obtain the desired result. 

Step 4 

Let as see that w a (\/2eN p) > c > where c is independent of a. Suppose, by contradiction 
that for a subsequence, w ak (l/2ejvp) — > 0. We know that in B+ T a w a = 0, then applying 
Harnack's inequality we have that for any compact subset K CC B we have that w a — ► 
uniformly in K. On the other hand, the ip a are uniformly bounded in C l, ^(B^), then, there 
exists w G C 1 (i3^) such that, for a subsequence w ak — > w in C 1 (i3^). Let 



A = {x E Bf I w = 0}, 
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and suppose that, there exist a point x\ S dA n Bf, then as w a > we have that u; has a 

minimum there, therefore Vw(xi) = 0. As Vw ak — > Vu) uniformly in we have that for some 
r > independent of a k , \Vip ak \ > 1/2 in B T (x±), then, in this ball, the w ak satisfy T ak w ak = 0. 
We can applying Harnack's inequality in B T {x\) and then, passing to the limit we obtain that 

w = in l? r / 2 (xi), which is a contradiction. Then w = in Bf, but, on the other hand we have 
w = xn — d~o%N > on dB\ n dB ro / 2 (x), which is a contradiction. 

□ 

With Lemma [CJ] we can also prove the asymptotic development of L— solutions. 

Lemma C.2. Let u be Lipschitz continuous in Bf, u > in Bf , L-solution in {u > 0} and 
vanishing on Bf n {x^ = 0}. Then, in Bf, u has the asymptotic development 



with a > 0. 
Proof. Let 



Let a = linij-joo ctj. 



u{x) = cxx 7v + o(|x|), 



ctj = inf{Z / u < lx n in B^-j}- 



Given 8q > there exists jo such that for j > jo we have ay < a + £o- From here, we have 
u(x) < (q + £o)^tv in so that 

u{x) < oixn + o(\x\) in Bf. 

If a = the result follows. Assume that a > and let us suppose that u(x) ^ axjy + o(\x\). 
Then there exists x k — > and 5 > such that 

u{x k ) < ax k>N - 5\x k \. 

Let r k = \x k \ and u k (x) = r7 u{r k x). Then, there exists uq such that, for a subsequence that 
we still call u k , u k — > iio uniformly in and 

Uk(x) < (a + e )x/v in 2?+ , 
where x k = — , and we can assume that x k — > xq. 



In fact, it(x) < (a + £q)xn i n -^~-j ' therefore Ufc(rr) < (a + £o)£tv in B~^_ lr) _ jn , and if is big 



enough so that r k 1 2 J '° > 1. 
If we take a = a + we have 

Liifc > in 

u k = on {xat = 0} 

< Ufc < aa^Ar on Sf?^ 

Ufc < Soocxn on Sf?^ n B f {x), 

for some x G dBf, xn > and some small f > 0. 
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In fact, as Uk are continuous with uniform modulus of continuity, we have 

Uk(xo) < axo,N - ^> Hk>k. 

Moreover there exists tq > such that uj-(x) < ax n — f in B2r (xo). If xq^n > we take x = Xq, 
if not, we take x € B2 ro {xo) with xjy > and 

Uk(x) < axN — - , in B ro (x) CC {xat > 0}. 

As B ro (x) CC {xtv > 0} there exists <5n such that axw — f < SqCzxn < d^ax^ in B f {x) for some 
small f, and the claim follows. 

Now, by Lemma IC.ll there exists < 7 < 1, e>0 independent of £0 and k, such that 
Uk(x) < 7(0 + Eo)xn in As 7 and e are independent of and eo, taking £0 — ► 0, we have 

Uk{x) < jaxN in 

So that, 

u(a;) < jcxxn in -Bi E - 

Now if jf is big enough we have 7a < ay and 2 _J < r^E. But this contradicts the definition of 
otj. Therefore, 

u{x) = axN + o(|a;|), 

as we wanted to prove. □ 
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